Physics of band-gap formation and its evolution in the pillar-based phononic crystal structures In this paper, the interplay of Bragg scattering and local resonance is theoretically studied in a phononic crystal (PnC) structure composed of a silicon membrane with periodic tungsten pillars. The comparison of phononic band gaps (PnBGs) in three different lattice types (i.e., square, triangular, and honeycomb) with different pillar geometries shows that different PnBGs have varying degrees of dependency on the lattice symmetry based on the interplay of the local resonances and the Bragg effect. The details of this interplay is discussed. The significance of locally resonating pillars, specially in the case of tall pillars, on PnBGs is discussed and verified by examining the PnBG position and width in perturbed lattices via Monte Carlo simulations. It is shown that the PnBGs caused by the local resonance of the pillars are more resilient to the lattice perturbations than those caused by Bragg scattering. V C 2014 AIP Publishing LLC.
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I. INTRODUCTION
Phononic crystals (PnCs) are periodic structures with vibrational properties that can be significantly different from their constituent bulk materials. The most notable property of these structures is their ability to block (i.e., reflect) the propagation of mechanical waves within a certain range of frequencies, also known as phononic band gaps (PnBGs). 1, 2 This property makes PnCs a viable choice for design and implementation of compact on-chip signal processing units including RF filters, 3 resonators, [4] [5] [6] [7] [8] and multiplexers/demultiplexers. 9 Several structures have been proposed for realization of PnCs. Three dimensional (3D) arrangement of inclusions in a host material is one type of PnC that can control the propagation of bulk waves in a 3D medium. 2, 10, 11 Another category of PnCs 12 based on surface acoustic waves (SAWs) in planar structures has been studied, where their ease of fabrication provides an alternative to the 3D PnCs. The third category of PnCs is based on the propagating lamb waves in a membrane with periodic holes or inclusions. [13] [14] [15] [16] This structure provides complete 3D energy confinement along with a feasible fabrication process for high frequency applications.
Tailoring the properties of the PnBGs in membrane-based PnCs is only possible via designing the geometrical shape of the holes and the thickness of the membrane-and the choice of the material for fillings, in the case of inclusions. This can limit the utility of the membrane-based PnCs as the shape of the holes and the thickness of the membrane may not provide enough flexibility in the design of PnBGs. To mitigate this limitation, a new class of membrane-based PnCs based on depositing a periodic array of pillars on a host material (either membrane or semi-infinite) has been introduced. [17] [18] [19] [20] [21] [22] Pillarbased PnCs have a new geometrical parameter (i.e., the height of the pillars) that can be used, along with other geometrical parameters, to adjust the frequency of acoustic modes and consequently, the position of the PnBGs. [23] [24] [25] Previous studies show that several factors-including the height of pillars and their lattice type-affect the formation and position of PnBGs. In addition, the presence of pillars introduces local resonances that can affect the properties of such PnCs, and this makes the physics of propagation and confinement of acoustic waves in pillar-based structures more complex than the hole-based structures. Thus, in order to leverage these properties in designing the PnC devices, further understanding of the physical mechanisms governing the behavior of pillar-based PnCs is required.
In this paper, we investigate in detail the physical mechanisms that control the formation of PnBGs in pillar-based PnCs. We specifically study the individual roles and the interplay of two dominant physical mechanisms in the structures, i.e., (1) Bragg scattering; 26 and (2) resonance of the structural features of the PnCs (i.e., pillars) coupled through the host material. 11, 14, 20 Specifically, we will provide theoretical evidence-based on numerical calculations-on the effect of Bragg scattering and local resonance for pillars arranged in different lattice types and identify the geometrical regimes, where each is the dominant. Using this understanding, we will theoretically investigate the effects of design parameters on the formation of PnBGs. We will also discuss the robustness of PnBGs in these PnCs against geometrical perturbation caused by fabrication imperfection.
In Sec. II, we outline our simulation technique. The two physical mechanisms for the formation of PnBGs are studied in Sec. III. The effects of pillar geometry and the lattice symmetry on the properties of the PnCs are discussed in Secs. IV and V, respectively. Final conclusions are made in Sec. VI. 
II. SIMULATION OF THE PILLAR-BASED PHONONIC CRYSTALS
The structure of planar pillar-based PnCs realized in square, triangular, and honeycomb lattices along with their corresponding primitive cells and reduced Brillouin zones are shown in Figs. 1(a)-1(c) , respectively. For the purpose of this study, the substrate is chosen to be silicon (Si) and the cylindrical pillars are tungsten (W). The reduced Brillouin zone for the triangular and honeycomb lattices are chosen by considering both the PnC lattice symmetry and the anisotropicity of the mechanical properties of the Si plate. As shown in Fig. 1 , the x, y, and z directions represent the crystallographic directions of the Si substrate.
The numerical simulation technique used for the calculation of the phononic band structure of the PnCs is based on the finite element method (FEM) implemented using the COMSOL Multiphysics V R software package. The underlying physical model is based on the following equation:
where c is the stiffness matrix, q is the mass density, and u is the displacement vector. The stiffness tensor parameters and the material density used in these calculations for Si are as . The 2D periodic structure is modeled using the Floquet periodic boundary conditions in the x-y plane, and the band structure is calculated by repeatedly applying these periodic boundary conditions (dictated by the wave vectors along the reduced Brillouin zone boundary, as depicted in Fig. 1 ) and calculating the mode frequencies for each wave vector. 23 
III. EVIDENCE OF BRAGG SCATTERING AND LOCAL RESONANCE
In order to study the effect of Bragg scattering and local resonance in pillar-based PnCs, we examine the band structure of three lattice types (i.e., square, triangular, and honeycomb), calculated using FEM, where their geometrical parameters are as follows:
where a, r, h, and d are lattice constant, pillar radius, pillar height, and membrane thickness, respectively. The corresponding band diagrams are shown in Figs. 2(a)-2(c). These geometrical parameters are chosen to represent a typical design where the aspect ratios are close to unity, and the structure supports wide PnBGs. Figure 2 shows the similarities and differences among the PnBGs of the three studied PnC lattices. For example, a first narrow gap is observed around the normalized frequency of f.a ¼ 1070 m/s for the triangular lattice and around f.a ¼ 580 m/s for the honeycomb lattice (this PnBG occurs between the third and fourth branch of the dispersion diagram of these structures with each branch represented by one curve in the band structure). A more important observation is that the ratio of the center frequency of this first PnBG between the two lattices is approximately ffiffi ffi 3 p (with 94% accuracy). In Sec. IV, we will discuss that this ratio is the inverse of the lattice period ratio between triangular (a) and honeycomb ða Â ffiffi ffi 3 p Þ lattices, as predicted by the Bragg scattering principle. 26 We will refer to this PnBGs as the first PnBG in this paper. It should be mentioned that, with the chosen geometrical parameters, the third and fourth branches of the square lattice PnC intersect with each other; and therefore, this lattice does not support this first PnBG.
At higher frequencies, square and triangular lattice PnCs support a wide PnBG in the normalized frequency range of f.a ¼ 1700-2400 m/s. Honeycomb lattice, on the other hand, supports two PnBGs in the same range; the first one spanning in the f.a ¼ 1700-1800 m/s range and the second one in the f.a ¼ 2100-2300 m/s range with a single branch separating the two PnBGs. While this single branch between the two PnBGs makes the distinction with the other lattice types, the combined range of these two PnBGs are otherwise very close to the single PnBG in other lattice types. This behavior is in contrast with the expected behavior of PnBGs as predicted by Bragg principle and does not exhibit the same dependency on the lattice period as the first PnBG does.
The difference between the first PnBG and the higherfrequency PnBGs shows that Bragg scattering cannot accurately explain the properties of all the PnBGs in our structure and therefore, a second physical phenomenon must affect the behavior of these higher-frequency PnBGs. We believe this phenomenon is due to the local resonance of the individual FIG. 1. Schematic, unit cell, and the reciprocal lattice of the pillar-based PnCs with (a) square, (b) triangular, and (c) honeycomb lattice types. The lattice constant, radius, and height of pillars, and the membrane thickness are denoted as a, r, h, and d, respectively. The x, y, and z coordinate directions are aligned with the crystallographic directions of the membrane material. pillars in the PnC structure. The effect of the local resonance in the formation of high-frequency PnBGs can be verified by examining the mode shape of the structure in the branches surrounding these PnBGs. As seen in these mode profiles, mode I has a large displacement in the pillar region; thus, having a larger portion of its elastic energy density in the pillar part. On the contrary, mode II has a large displacement (and, therefore, greater elastic energy density) in the membrane region. Since the energy of the mode I is mostly concentrated in the pillar region, we expect this mode to have little variation with the lattice type as long as the pillar geometry does not change. This is, therefore, the reason that branches surrounding the high-frequency PnBGs of the square and triangular lattice PnCs and those surrounding the second and third PnBGs in honeycomb lattice PnC in Fig. 2 look similar .
As for the middle branch in the honeycomb lattice, which includes mode II in Fig. 2(c) , since it is a mode with its energy concentrated in the substrate, its behavior is more prone to changes in the periodicity of the structure. This is the reason that this branch for the honeycomb lattice is not present in the other two lattices. We attribute the similarity of the high-frequency PnBG (in the normalized frequency range of f.a ¼ 1700-2400 m/s) to the local resonances of the pillars rather than the Bragg effect due to the periodicity of the PnCs.
IV. EFFECT OF PILLAR GEOMETRY
To further understand the interplay of Bragg scattering and local resonance in the pillar-based PnCs, we have studied the change in the position of the PnBGs with varying pillar heights. Figure 3 illustrates the evolution of the PnBGs (their positions and extents) with respect to the height of the pillars for the three lattice types. It can be seen from Fig. 3 that increasing the pillar height decreases the frequency of the upper and lower edges of the PnBGs. The ffiffi ffi 3 p relationship between the first PnBG (denoted by B1) in the honeycomb and triangular lattices-imposed by the Bragg effect and mentioned in the Sec. III-can also be observed. For example, for the pillar with h/a ¼ 0.3, the normalized center frequency of the first PnBG, for the triangular lattice PnC, is %1250 m/s; and for the honeycomb lattice PnC is %700 m/s. This gives the ratio of 1.79, which is within 5% of the expected ffiffi ffi 3 p . Moreover, we can observe that for the square and triangular lattices, the ratio between the center frequency of the first PnBG (B1) is unity. For example, for the pillar with h/a ¼ 0.2, the normalized center frequency of the first PnBG for both the triangular and square lattice PnCs is %1550 m/s. This is consistent with our previous argument as the lattice periods of these two structures are the same.
The difference between the three lattice types in having different ranges of h/a values that open the B1 PnBG is not unexpected. Generally, certain symmetries may be more favourable for opening certain PnBGs (specially, those caused by the Bragg effect, which is the case here) for a specific geometric structure. 15, 23 In the case of pillar-based PnCs, the triangular lattice PnC provides the most favourable symmetry for opening the B1 PnBG in a wide range of h/a values. 23 The decreasing trend of the center frequency of the PnBGs with increasing the pillar height (Fig. 3) indicates that the vibrational properties of the cylindrical pillars have a distinguishable effect on the position and formation of the PnBGs. This decreasing trend can be explained by observing that the resonance frequency of a rod (pillars in our structure) tends to decrease as its length increases. 27 The dependence of the PnBGs on the pillar height in the PnCs suggests that the formation of PnBGs in these structures is affected by the local resonance of the pillars.
It is important to note that this decreasing trend in the position of the PnBGs cannot be explained by a lumped model of the unit cell and relying on an argument based on the increasing mass of the pillar. This can be verified by examining the evolution of the PnBGs in these structures with respect to the radius of the pillars as shown in Fig. 4 . It is seen from Fig. 4 that increasing the radius of the pillars does not have any consistent effect on the position of the PnBGs.
Specifically, the first PnBG in the triangular and honeycomb lattices-which we argued that follow the frequency ratio predicted by the Bragg effect-does not observably change its center frequency as the radius of the pillar increases. Based on the lumped model assumption, as the radius of the pillar increases the total mass of the unit cell increases; and this should effectively decrease the group velocity of the elastic waves propagating in the membrane and, therefore, scale down the center frequency of the first PnBG.
Nevertheless, the center frequency of the first PnBG does not decrease as the radius of the pillar increases. If we include the effect of the local resonance of the pillars on the formation of the PnBGs in these structures, we can argue that as the radius of the pillar increases, the resonance frequency of the pillar increases 27 as well. As the decreasing impact on the frequency of the PnBG derived from the lumped model along with the increasing impact of the local resonance of the pillar compete with each other, we see no substantial change in the center frequency of the first PnBG.
The same argument holds for the higher-frequency PnBGs. The center frequency of the second PnBG of the square and triangular lattice PnCs exhibits a slightly increasing trend for lower r/a values, and as r/a increases this trend changes to a decreasing one. This suggests that, initially, the effect of mass in the lumped model is dominating the physics of the PnBG formation and as r/a increases, the local resonance becomes the dominant effect. For the honeycomb lattice PnC, all the higher-frequency PnBGs exhibit an increasing trend as the radius of the pillar increases. This suggests that for the range of r/a values in this study, local resonance of the pillars dominate the formation of the PnBG in the honeycomb lattice at higher normalized frequencies.
It should be noted that our argument based on the combination of the lumped model and the local resonance of pillars does not lead to competing effects as we increase the height of the pillars. In other words, as we increase h/a, the mass of the pillar increases leading to lower elastic-wave velocity and lowering the center frequency of the PnBGs; similarly, higher h/a values leads to a lower resonance frequency of the pillar and contributing to the lower center frequency of the PnBGs. Therefore, an increase in the mass of the unit cell can not necessarily explain the changes in the position of the PnBGs; it is the effect of local resonance of the pillars that can explain the decreasing (or increasing) trend of the center frequency of the PnBGs in certain geometrical regimes.
As an extreme case, Fig. 5 shows the band structure of the pillar-based PnCs where the height of the pillars are increased to five times the lattice constant (i.e., h/a ¼ 5). Figure 5 shows that the PnBGs in all three lattice types have identical lower and upper edges. The normalized center frequency of these PnBGs occur at f.a % 300 m/s, and the gap width (ratio of the PnBG extent to its center frequency) is %20%. As we showed earlier, the theoretical Bragg PnBG is around 2100 m/s for the square and triangular lattices and around 1200 m/s for the honeycomb lattice. Therefore, the observed PnBGs in this structure are much lower than the Bragg PnBG.
These identical PnBGs also can be attributed to the dominant effect of the local resonance of the pillars compared to the effect of Bragg scattering and lattice periodicity. To corroborate this statement, Fig. 6 compares the mode profile of the unit cell of a square lattice with that of the individual pillars with the same height and radius as those in the case of tall pillars (i.e., h/a ¼ 5.0 and r/a ¼ 0.4). The displacement profiles of the first five distinct modes at the high symmetry point M in a square lattice with the same geometrical parameters as those in Fig. 5 (i. e., h/a ¼ 5.0, r/a ¼ 0.4, and d/a ¼ 0.5) are depicted as M1-M5 in Fig. 6(a) . Modes M1, M2, and M5 represent overlapping degenerate modes with the same displacement profile. Figure 6(b) shows the displacement profiles of the first five distinct modes of a cylindrical pillar with identical geometrical parameters as those of PnC in Fig. 6(a) . These pillars are modeled with the fixed boundary condition at one end and the free boundary condition at the other end. The close similarity between the shear mode profiles (M1, M2, and M5), the breath mode profile (M3), and the longitudinal mode profile (M4) in the two structures [i.e., the PnC in Fig. 6(a) and an individual pillar in Fig. 6(b) ] shows the effect of the resonance of individual pillars on determining the position of branches in the band structure of the PnC, which, consequently, determines the position of the PnBGs.
V. EFFECT OF LATTICE SYMMETRY
Bragg scattering and its effect on the formation of the PnBG is dependent on the lattice periodicity while the resonance of individual pillars is only dependent on the geometry of the pillars. In Sec. IV, we examined this statement by changing the geometry of the pillars. In this section, we study the second factor (i.e., the lattice periodicity) in determining the interplay of Bragg scattering and local resonance. To perturb this interplay, we randomly perturb the position of the pillars in a supercell (without changing their heights or radii) and calculate the center frequency and width of the PnBGs. The result of these simulations are compared for pillars with different heights. We expect these perturbations have greater effect on the PnBGs formed through Bragg scattering-especially when the pillars are short compared to the lattice constant and the local resonance effect is not the dominant factor in the PnBG formation. As the height of pillars increases and the local resonance becomes dominant, the effect of lattice perturbation is expected to be negligible. Figure 7 (a) illustrates the perturbation scheme that is used in our calculations to demonstrate the effect of lattice perturbation on the formation of PnBGs in a square lattice. As shown, a 3 Â 3 supercell is modeled with each pillar displaced following a Gaussian distribution in the x and y directions. Such displacement scheme yields to a Rayleigh distribution for the relative distance from the original position of each pillar (denoted by dis ij ) and a uniform distribution for the angle of displacement (denoted by / ij ). The thickness of the membrane and the radii of the pillars are fixed at 0.5 a and 0.4 a, respectively, for the purpose of this study. The whole PnC is formed by periodically repeating this supercell in both x and y directions. It should be noted that the unperturbed structure gives a square lattice PnC with lattice constant a. These simulations are repeated 20 times for each chosen pillar height to model the effect of random pillar distribution and the average center frequency and width of the PnBGs are calculated, accordingly. The relative changes in the average PnBG width compared to that of unperturbed structure is shown in Fig. 7(b) .
As shown in Fig. 7(b) , for a supercell with h/a ¼ 0.1, the lattice perturbation with a mean displacement ðhdisiÞ of 0.05 a causes an average change of 17% in the width of the PnBG. It is important to note that this is the same first PnBG (B1)-as discussed in Sec. IV and illustrated in Fig. 3(a) -that has a high dependency on the Bragg effect. For taller pillars, as B1 closes for the square lattice PnC, this perturbation causes a much smaller change (below 1%) in the width of the PnBG and becomes negligible as the height of pillars increases beyond h/a ¼ 0.4. In comparison, for a perturbation scheme with smaller mean displacement (i.e., hdisi ¼ 0:02a), the average change in the PnBG width is smaller but the curve follows the same trend as the pillar height increases. Our results also show that for the range of h/a values in this study (i.e., h/a ¼ 0.1 -1.0), the center frequency remains within 1% of the unperturbed structure. The results shown in Fig. 7 suggest that there is a strong correlation between the height of pillars and their corresponding PnBG resistance to change in the presence of lattice perturbations.
Our calculations in this section, therefore, shows that lattice symmetry is less of a determining factor in opening the PnBGs in pillar-based PnCs with taller pillars (h=a > 0.4), where the pillars are the dominant geometrical feature of the structure. This is in line with our previous arguments that for taller pillars the effect of local resonance is the dominant factor in opening the PnBGs.
VI. CONCLUSION
We have theoretically investigated the physics of PnBG formation in pillar-based PnCs with W pillars on a Si membrane. The existence of multiple PnBGs in three lattice symmetries (i.e., square, triangular, and honeycomb) and the comparison of these PnBGs for different pillar geometries reveal that two simultaneous factors, namely, Bragg scattering and the resonance of individual pillars (a.k.a., local resonance), contribute to the formation of PnBGs in these PnCs. The dominant effect of Bragg scattering, which is dependent on the lattice periodicity, is shown in different lattice types where the position of PnBGs has inverse relation with the lattice period. On the other hand, the PnBGs that are formed due to the local resonance of pillars occur at similar frequency in different lattice types. Moreover, it is shown that by increasing the height of pillars the effect of local resonance becomes more dominant and eventually (for h=a > 1.0) so dominant that three studied lattice types show identical PnBGs for identical pillar dimensions. Investigating the mode profiles of isolated pillars and comparing them with those of the corresponding PnCs shows the correlation between the resonance modes of the pillars and the branches of the PnC band structure in the frequency region where the local resonance of pillars is the dominant mechanism for the PnBG formation. We have further examined the effect of lattice perturbation on the PnBGs by modeling a random distribution of pillars in a supercell. The PnBGs for short pillars, where the effect of Bragg scattering is dominant, are greatly affected by small perturbations in the lattice arrangement whereas for taller pillars the lattice perturbation does not have significant effect on the PnBGs. Leveraging the effect of local resonance along with the Bragg scattering can result in efficient design of PnCs with arbitrary PnBG positions and widths and robustness against lattice perturbation imposed by fabrication imperfections.
